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Abstract 
We investigate theoretically the energy transfer phenomenon in a double-layer graphene (DLG) 
system in which two layers are coupled due to the Coulomb interlayer interaction without appreciable 
interlayer tunneling. We use the balance equation approach and the dynamic and temperature 
dependent random phase approximation (RPA) screening function in our calculations to obtain the 
rates of energy transfer between two graphene layers at different layer electron temperatures, densities 
and interlayer spacings and compare the results with those calculated for the conventional double-
layer two-dimensional electron gas (2DEG) systems. In addition, we study the effect of changing 
substrate dielectric constant on the rate of energy transfer. The general behavior of the energy transfer 
rate in the DLG is qualitatively similar to that obtained in the double-layer 2DEG but quantitatively 
its DLG values are an order of magnitude greater. Also, at large electron temperature differences 
between two layers, the electron density dependence of the energy transfer
 
for the DLG system is 
significantly different from that found for the double-layer 2DEG system, particularly in case of 
unequal layer electron densities. 
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1. Introduction 
Graphene is a two-dimensional honeycomb structure of carbon atoms composed of two triangular 
sublattices. The single-layer graphene (SLG) is a gapless semiconductor and has unusual massless 
and chiral carriers near the Dirac points where its energy spectrum is linear. The unique features of 
graphene have been attracted a great deal of interest theoretically and experimentally and made it a 
good candidate for technological applications [1-7]. 
The double-layer graphene (DLG) system is formed by placing two parallel SLG close together to be 
coupled through the Coulomb interaction but far enough to prevent the electron tunneling. In the DLG 
structures as well as the conventional double-layer two-dimensional electron gas (2DEG) systems, the 
interlayer interaction plays an important role [8-12] and results in some novel phenomena such as the 
momentum transfer (Coulomb drag) and energy transfer between two layers without exchanging any 
carrier. The Coulomb drag in a double-layer system in which a current driven through one layer 
induces a voltage difference in the other layer provides a unique approach to investigate the electron-
electron interaction directly in a low-dimensional many-body system from a transport measurement 
[13-15]. The various aspects of this effect have been studied in detail, in several experimental and 
theoretical works on double-layer 2DEG [16-25] and DLG [26-31] systems.  
By allowing the electron temperature difference between two adjacent layers in double-layer systems, 
the energy of electrons in one layer can be transferred to the electrons in another, located in close 
well-separated proximity while the tunneling effect is prohibited. This hot electron transport process 
can be occurred with or without an externally applied electric field [16, 31] called non-linear and 
linear regimes, respectively. The balance equation method which is a powerful tool in describing the 
steady state response of nanostructures to the external fields has successfully applied to a variety of 
situations involving transport phenomena [32-45]. Based on the energy balance formalism, the rate of 
energy transfer in the double quantum systems has been investigated in a few papers and its 
dependence on the electron temperature, electron density and separation between two components has 
been reported [46-49]. Specially, Tanatar considered Coulomb coupled quantum wire [50] and well 
[51] systems and calculated the effects of the static and dynamic screenings within the random phase 
approximation (RPA) on the energy transfer rate both in linear and non-linear regimes. 
In this work we investigate the energy transfer rate in a DLG system employing the general (non-
parabolic) energy band balance equation theory suggested by Lei et al [36-38] in linear regime. We 
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use the temperature dependent dynamic RPA dielectric function for the screened interlayer interaction 
in our calculations. We obtain the energy transfer rate between two layers with the same electron 
density as functions of temperature for the different layer densities and interlayer spacings. For 
comparison, we also show the corresponding results for the double-layer 2DEG systems. In addition, 
the effect of substrate and layer density imbalance on the power transferred between two graphene 
layers are taken into account.   
The article is organized as follows. In next section we describe the model and summarize the theory 
of energy transfer rate for a DLG system in framework of the balance equation approach. We also 
present the screened function of a DLG structure within the RPA formalism in this section. The 
section 3 is dedicated to numerical results and discussion. Finally, in section 4 a conclusion of our 
work is given. 
 
 
2. Theory 
 We consider two parallel n-type doped graphene layers which are separated by a distance d  and have the 
electron densities, 1n and 2n  and the electron temperatures 1T  and 2T . In each layer the electron density is 
related to the Fermi wave vector, Fk , as 
2
Fn k   and to the Fermi temperature, FT , by  
2
F Fn T v   
where 610 m/sFv   is the Fermi velocity. Throughout this paper, we put 1BK  . We also assume this two 
graphene layers are placed close together to have an effective interlayer interaction but far enough that there is 
no electron tunneling between them. 
In framework of the balance equation approximation for arbitrary energy bands, the transport properties of 
electrons in the presence of an uniform electric field are obtained in terms of the average lattice momentum 
shift, ap , electron temperature, aT , and the chemical potential, a , of each layer ( 1,2)a  . In the limit of weak 
electric field where 0ap  , the rate of energy transfer between two layers in a DLG system is obtained from 
[41]: 
 
1 1
2
12 12 12 1 1
, ,
, , ,
( , , ) ( , ) ( , ) ( , , )s vP g g v E E
   
    
 
     
1
1 1
   k k q
k k q k k q k k q                                               (1) 
where 2sg   and 2vg  being the spin and valley degeneracies, k , 1k and q are the two-dimensional wave 
vectors in plane of graphene layer and 12 is given by: 
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 
 
 
 (2)  
Here RPA  is the RPA screening function,  ( ) 1/ exp( ) 1n x x   and  ( ) 1/ exp( ) 1f x x   are the Bose and 
Fermi-Dirac distribution functions, respectively. In the above equations, we have defined  , ( , )a aE   k k  
and ( , ) FE v k k  with 1  and 1  refer to the valance and conduction bands and a being the 
chemical potential of a th layer which is obtained from the normalization condition:   
       
 
( )
1 e a a
a E T
D E
n dE





                                                                                                                     (3) 
with 2( ) 2 FD E E v . The interlayer interaction, 12
( , , )v 1k k q  , is given by:    
       12 12 11 22( , , ) ( ) ( , ) ( , )v V g g1 1k k q q k q k q                                                                                               (4) 
 where    2( ) 2 exp (1 )qab abV e q qd      is the Fourier transform of the bare Coulomb potential with   
arising from the effective background dielectric constant, (1 ) / 2   , and   is the substrate dielectric 
constant . The graphene form factor 11 22( , ) ( , ) ( , , , )k q k q k qg g g     is defined as [45]:  
         
1
( , , , ) , , 1 exp( )
2
k k qk q k q kg                                                                                   (5) 
with tan( )k y xArc k k  .  
After some algebra, Eq. (1) can be rewritten as (see the Appendix): 
   
2
12
12 1 1 2 2
1 21 2
( )
( ) ( ) Im ( , , ) Im ( , , )
( , , , )RPA
Vd
P n n T T
T TT T
  
    
  


 
     
 

q
q
q q
q
                         (6) 
where Im ( , , )a aT q  is the imaginary part of temperature dependent non-interacting polarizability of the a th 
graphene layer [12]: 
         
 
2
, ,
20 , 1
( ) ( )1 cos
( , , ) lim
2 ( , ) ( , )2
a a a a
a a s v
f T f Td
T g g
E E i
 
  
  
 
   
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              
 
 
k q kk
q
k q k
                     (7) 
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where   is the angle between k and k q . The RPA screening function at finite temperature for a double-
layer system, 1 2( , , , )q
RPA T T  , is given by [10]:   
        21 2 11 1 1 22 2 2 12 1 1 2 2( , , , ) 1 ( ) ( , , ) 1 ( ) ( , , ) ( ) ( , , ) ( , , )q q q q q q q q
RPA T T V T V T V T T            
 
            (8) 
Using the above equations, we can calculate the energy transfer rate in a DLG system. 
 
3. Results and discussion 
We have performed numerical calculations based on the balance equation theory to obtain the energy transfer 
rate, 12P , for a DLG system in the linear regime.  We have accounted for the screening effects by using the 
temperature dependent dynamic RPA dielectric function for a two-component system. We have studied the 
dependence of the energy transfer rate on the layer density, electron temperature, separation between two 
layers and layer substrate in a DLG system with two identical layers. Also,  the density imbalance effect on the 
power transferred from the hot layer to the cold layer has been investigated. In addition, we have compared our 
result with those calculated for a double-layer 2DEG system with zero thickness layers, 0w . In the following 
figures for the DLG system, we take 2.45   unless otherwise stated. 
The energy transfer rates between two identical layers ( 1 2n n n  ) as functions of dimensionless electron 
temperature in layer 2, 2 FT T , for three distinct values of the electron densities 2 ,1n   and 
12 -20.5 10 cm in 
the DLG and double-layer 2DEG systems are shown in Figs. 1(a) and 1(b), respectively. The two layers are 
separated a distance 20nmd  and the electron temperature in the layer 1 is kept at 1 FT T . As it is observed, 
the energy transfer rate in a DLG system presents a similar behavior as in the double-layer 2DEG system but 
its DLG values are an order of magnitude greater. This can be explained by the fact that, because of the zero 
energy band-gap and linear energy dispersion relation of the graphene, the screened interlayer potential in a 
DLG is stronger than a double-layer 2DEG so that more power can be transferred between two graphene 
layers.  
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Fig. 1. The energy transfer rate as functions of dimensionless electron temperature in layer 2, 2 FT T  , for three different 
electron densities in the (a) DLG and (b) double-layer 2DEG systems. Both systems consist of two identical layers which 
are separated a distance 20nmd  . The temperature in layer 1 is kept constant at 1 FT T . 
 
According to Fig. 1(a) at low electron temperatures in layer 2,
  2 0.1FT T  ,   the energy transfer rate in the 
DLG has different dependence on the electron density and faster growth with respect to the double-layer 
2DEG. A it is expected, the energy transfer rate vanishes in all cases when the temperatures of both layers are 
equal. 
The effect of interlayer spacing on 12P in both double-layer systems with identical layer electron densities, 
12 -21 10 cmn   , are depicted in Figs. 2(a) and 2(b). Here, the results are obtained for three different interlayer 
distances, 20,30d   and 50nm , and the electron temperature of the layer 1 FT T . In spite of an order of 
magnitude increase in energy transfer rate values, again the DLG system shows the same behavior as the 
double-layer 2DEG system; by increasing the distance between two layers, the rate of energy transfer from the 
higher temperature layer to the lower temperature one decreases. This simply is a consequence of weakening 
the interlayer interaction arising from more electrical isolation of layers.  
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 Fig. 2. The energy transfer rate as functions of dimensionless electron temperature in layer 2, 2 FT T  , for three different 
interlayer spacings in the (a) DLG and (b) double-layer 2DEG systems. Both systems consist of two identical layers with 
the same layer density, 
12 -21 10 cmn   . The temperature in layer 1 is kept constant at 1 FT T .  
 
Fig. 3 demonstrates the energy transfer rate in the DLG structures with two different substrates as a function of 
2 FT T when the two layers have equal density, 
12 -21 10 cmn   , and for the case 1 FT T and 20nmd  . In 
this figure, the influence of the substrate is taken into account by introducing the dimensionless parameter 
2 /s Fr e  , the ratio of the bare Coulomb potential strength to the single-particle kinetic energy.  
 
Fig. 3. The energy transfer rate as functions of dimensionless electron temperature in layer 2, 2 FT T  , for the DLG 
system with two different substrates. The system consists of two identical layers with the same layer density,
12 -21 10 cmn   . The temperature in layer 1 is kept constant at 1 FT T . The upper and lower curves correspond to the 
2SiO and SiC  substrates, respectively. 
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Here, the energy transfer rate is plotted for two distinct values of  0.87sr   and 0.41corresponding to the
2SiO
3.9 
 
and SiC 9.8  , respectively [53]. Since sr and the substrate dielectric constant are inversely 
related, the energy transfer rate decreases by increasing the background dielectric constant of graphene. 
The effect of different electron density of two layers on the energy transfer rate both in the DLG and double-
layer 2DEG systems is illustrated in Figs. 4(a) and 4(b). We assume 12 -21 1 10 cmn   , 1 1FT T  and  allow
2 1/n n  to vary from 0.2 to 2 for five different 2T  values.  
 
 
Fig. 4. The energy transfer rate as functions of the ratio layer electron densities 2 1/n n  at five different electron 
temperatures in layer 2: 2 1 0.1,0.2,0.4,0.7FT T  and 0.9 for the (a) DLG and (b) double-layer 2DEG systems with an 
interlayer separation 20nmd  . The electron density and temperature of  layer 1 are kept constants at 12 -21 1 10 cmn     
and 1 1FT T , respectively.  
 
 As it can be seen from Fig. 4(a), the energy transfer rate in the DLG is much more sensitive to the layer 
electron densities ratio than in the double-layer 2DEG and shows there is no general behavior specially at low 
electron temperature in layer 2. On the other hand, at high 2 / FT T  or small temperature difference between two 
layers, the behavior of the transferred power in the DLG is comparable to the conventional double-layer 2DEG 
and both exhibit a peak. This peak shifts to smaller 2 1/n n  
values with increasing the electron temperature in 
layer 2.  
 
4. Conclusion 
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In conclusion, we have studied the energy transfer phenomenon in a DLG system using the balance 
equation approach in linear regime. We employ the full dynamic and temperature dependent RPA 
screening function in our calculations to obtain the energy transfer rate in linear regime from the hot 
layer to the cold one at different electron densities and layer spacings and compare with the results of 
previous work on the conventional double-layer 2DEG systems. In general, the energy transfer rate in 
a DLG system shows the same behavior as the double-layer 2DEG but exhibits an order of magnitude 
larger values. We also study the change of 12P  by altering the substrate dielectric constant. 
Furthermore, the case of layers with unequal electron densities is taken into account and it is found 
that the energy transfer rate for DLG system is more sensitive to the density imbalance than the 
double-layer 2DEG system. 
 
Appendix: Calculation of 12P   
In this appendix we give the details of the calculation yielding Eq. (6). Starting from Eq. (1) and using the 
following relation in Eq. (2):  
            
 
   
1 1
1 1
( , ) ( , ) ( , ) ( , )
( , ) ( , ) ( , ) ( , )
E E E E
d E E E E
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       


     
       
1 1
1 1
k k q k q k
k q k k q k
                                     (A.1) 
we can write 
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  (A.2) 
By using the graphene form factor relation   
      
( ) ( )2
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1 1 cos
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and the imaginary part of  the temperature dependent non-interacting polarizability for a graphene layer:  
 
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and substituting them into the Eq. (A2), we finally obtain the following expression for the energy transfer rate 
in a DLG system:  
2
12
12 1 1 2 2
1 21 2
( )
( ) ( ) Im ( , , ) Im ( , , )
( , , , )RPA
Vd
P n n T T
T TT T
  
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

 
  
 
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q
q
q q
q
                        (A.5) 
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